Isogenies occur throughout the theory of elliptic curves. Recently, the cryptographic protocols based on isogenies are considered as candidates of quantum-resistant cryptographic protocols. Given two elliptic curves E 1 , E 2 defined over a finite field k with the same trace, there is a nonconstant isogeny β from E 2 to E 1 defined over k. This study gives out the index of Hom k (E 1 , E 2 )β as a left ideal in End k (E 2 ) and figures out the correspondence between isogenies and kernel ideals. In addition, some results about the non-trivial minimal degree of isogenies between the two elliptic curves are also provided.
Introduction
Isogenies play an important part in the theory of elliptic curves. A recent research area is cryptographic protocols based on the difficulty of constructing isogenies between elliptic curves over finite fields [2, 5, 8] . These cryptographic protocols are supposed to resist the quantum computations. To get more facts about isogenies, this paper concerns two problems related to isogenies.
Let F be a perfect field, and E 1 , E 2 be elliptic curves defined over F , it had been proved that Hom(E 1 , E 2 ) is a free Z-module of rank at most 4 [14, Corollary III.7.5] . Further, the possible ranks of End(E 1 ) (or End(E 2 )) are 1, 2, 4. The possible result that rank Z Hom(E 1 , E 2 ) = 3 is proved to be negative. If there is a nonconstant isogeny β from E 2 to E 1 , Hom(E 1 , E 2 )β is a left ideal of End(E 2 ), then rank Z Hom(E 1 , E 2 ) = rank Z End(E 2 ). The index of Hom(E 1 , E 2 )β in End(E 2 ) is finite, but the exact result needs to be identified. We assume that the characteristic of F is not 0 and for the cases char(F ) = 0, we discuss them in Appendix A.
In Waterhouse's thesis [21] , he introduced the concept of kernel ideals and proved that for any elliptic curve E over a finite field, the left ideals of its endomorphism ring are all kernel ideals. Every such left ideal can induce an isogeny from E, and ideal multiplication corresponds to isogeny composition. Kohel proved the correspondence between the invertible ideals and the isogenies between two ordinary elliptic curves with the same endomorphism type and used the invertible ideals of imaginary quadratic orders to compute the endomorphism types of ordinary elliptic curves over finite fields [9] . In this paper, we explore the index of Hom k (E 1 , E 2 )β as a left ideal in End k (E 2 ) for any nonconstant isogeny β from E 2 to E 1 defined over a finite field k as the first problem. For ordinary elliptic curves, not all isogenies can correspond to kernel ideals. We will give out a way to judge whether the isogenies correspond to kernel ideals in this case. Besides, it is natural for us to consider the non-trivial minimal degree of isogenies between any two elliptic curves over finite fields as the second problem.
The paper is organized as follows. In Section 2, we provide the preliminaries on elliptic curves, isogenies, endomorphism rings and kernel ideals. The answer to the first problem will be given Email addresses: luolixia@amss.ac.cn (Lixia Luo), gjXiao@amss.ac.cn (Guanju Xiao), dengyp@amss.ac.cn (Yingpu Deng) out by Theorems 3.1 and 3.2 in Section 3. And the study of the second problem can be found in Section 4.
Preliminaries

Elliptic curves and isogenies
Let k be a finite field of characteristic p and let E be an elliptic curve defined over k. E can be written in a generalised Weierstrass equation E : y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 .
For simplicity, if p > 3, up to k-isomorphism, E can be written as the short Weierstrass form E : y 2 = x 3 + Ax + B with its discriminant 4A 3 + 27B 2 not equal to 0. Under this form the j-invariant of E is defined as 1728(4A 3 )/(4A 3 + 27B 2 ), which is an invariant up tok-isomorphism. E(k) is a finite abelian group with unity ∞ under the chord and tangent addition law [20] .
Let E 1 and E 2 be two elliptic curves defined over k. An isogeny α from E 1 to E 2 is a morphism mapping ∞ to ∞. If α(E 1 ) = ∞, α is called constant and denoted by 0. Its degree is defined to be 0. Otherwise, α can be represented as (r 1 (x), r 2 (x)y) where r 1 (x), r 2 (x) are rational functions and we can write r 1 (x) = p(x)/q(x) with polynomials p(x) and q(x) that don't have a common factor and q(x) = 0. The degree of α is defined to be deg(α) = max{degp(x ), degq(x )}.
α is called separable if (r 1 (x)) ′ = 0. All nonconstant isogenies are surjective homomorphisms with finite kernels and |ker(α)| = degα if α is separable [20] . According to [14, Proposition III.4.12] , the nonconstant separable isogenies from a given elliptic curve can be distinguished by their kernels. For every nonconstant isogeny β :
is the multiplication-by-m map of degree m 2 and deg β = m [14, Theorem III.6.1]. For the properties of dual isogenies, we can refer to [14, Theorem III.6.2] . All the isogenies we consider in the following are nonconstant.
Let Hom(E 1 , E 2 ) denote the collection of all isogenies from E 1 to E 2 . Similarly, Hom k (E 1 , E 2 ) can be defined for the isogenies defined over k. If E 1 = E 2 , the isogenies are called endomorphisms. All endomorphisms of an elliptic curve E form a ring and it is called the endomorphism ring of E and denoted by End(E ). The endomorphism ring defined over k is denoted by End k (E ).
Let q = |k| and t = q + 1 − |E(k)|. Then the Frobenius endomorphism φ q,E : (x, y) → (x q , y q ) of E related to k has characteristic polynomial h q,E := x 2 − tx + q. t is called the trace of φ q,E or E over k. By Hasse's theorem, we have t 2 − 4q 0. Let π q,E be a root of h q,E . If there is a nonconstant isogeny from E 1 to E 2 defined over k, E 1 and E 2 are called k-isogenous. It is well known that E 1 and E 2 are k-isogenous if and only if h q,E1 = h q,E2 if and only if |E 1 (k)| = |E 2 (k)| [18, Theorem 1]. All the k-isogenous elliptic curves form an isogeny class over k.
Endomorphism rings and kernel ideals
An elliptic curves E is called supersingular if p | t and ordinary, otherwise. As we all know, End(E ) is isomorphic to an imaginary quadratic order containing π q,E when E is ordinary or a maximal order of a definite quaternion algebra B p,∞ over Q ramified at p and ∞ when E is supersingular [14, Theorem V.3.1] . According to Waterhouse's thesis [21, Theorem 4.2] , End k (E ) is equal to End(E ) when p ∤ t or t = ±2 √ q and for other cases, End k (E ) is isomorphic to an imaginary quadratic order which is ramified at p containing π q,E . Then End(E )(End k (E )) ⊗ Q is isomorphic to an imaginary quadratic field or B p,∞ . In general, we will denote the field or the algebra by K, and we call it endomorphism algebra. The isogenous elliptic curves have the same endomorphism algebra.
Any definite quaternion algebra over Q has a representation of the form a,b Q = Q+Qi+Qj+Qk where i 2 = a, j 2 = b, k = ij = −ji. Define the conjugation of the elements of a,b Q given by
from which the reduced trace and norm take the form Trd(α) = α +ᾱ = 2x and Nrd(α) = αᾱ = x 2 − ay 2 − bz 2 + abw 2 .
For simplicity, we use the same symbols for the trace and norm of imaginary quadratic fields. Let i E : K → End(E ) ⊗ Q be an isomorphism, then every endomorphism α and its dual satisfy the characteristic polynomial
). Under this isomorphism, the dual of every endomorphism corresponds to the conjugate of the corresponding element in the imaginary quadratic field or the conjugation of the corresponding element in B p,∞ . And the degree corresponds to the field norm of the imaginary quadratic field or the reduced norm of B p,∞ .
Let β : E 2 → E 1 be an isogeny defined over k. Let i E2 : K → End k (E 2 ) ⊗ Q be an isomorphism and fix i E2 (π q,E2 ) = φ q,E2 , then we can induce
). Hence under these two isomorphisms, we have
). In the following, for simplicity, we take End k (E ) as an order of K and take Hom k (E 1 , E 2 )β as
We now investigate kernel ideals and their relations with isogenies. The main references are Waterhouse's thesis [21] and [19, Chapter 42.2] . For an isogeny β from an elliptic curve E defined over k, let H(β) be its kernel as a finite group scheme over k. In fact, all the ideals considered in this paper are kernel ideals due to [21] . Proposition 2.1. Given an elliptic curve E over finite field k.
1) If
End(E ) is isomorphic to a maximal order of quaternion algebra, then every ideal I of End(E ) is a kernel ideal, and rank H(I ) is equal to the reduced norm Nr(I).
2) If End(E ) is isomorphic to an imaginary quadratic order, then every ideal I of End(E ) is a kernel ideal, and if I is invertible, then rank H(I ) is equal to the norm of I. If an isogeny from E has kernel H(J ) for some ideal J of End k (E ) or End(E ), then we say the isogeny are corresponding to J and J is the kernel ideal of the isogeny. In Waterhouse's thesis, he mentioned that not every finite subgroup of E has the form H(J ). In fact, we will give out a way to judge whether the isogenies can correspond to ideals in Section 3.
Let β : E 2 → E 1 be an isogeny defined over k. If deg(β) is prime to p, then H(β)=ker(β) as a subgroup of E 2 (k) which is closed under the action of the Galois group ofk over k. Otherwise, we do some discussion following.
Given an elliptic curve E defined over k = F p n , the Frobenius map φ p,E : [14, Corollarly II.2.12] , β can be factored as
where φ q ′ is the q ′ th-power Frobenius map, q ′ is the inseparable degree of β and the map λ is separable.
If E is supersingular, then φ p n ,E is purely inseparable. Let β be any isogeny from E of degree p e , then β = λφ p e ,E , where λ is an isomorphism. By Proposition 2.2, β corresponds to the following ideal
Hom
.
Given a maximal order type containing some order O, whose localization O p has unique maximal two-sided ideal P. According to Deuring's correspondence between supersingular j-invariants and the types of maximal orders in B p,∞ [7, Chapter 10.2][9, Theorem 44], if P is principal, then there is only one j-invariant which is defined over F p such that its endomorphism ring corresponds to this type; if P is not principal, then there are just two j-invariants which are a conjugate pair over F p 2 such that their endomorphism rings correspond to this type.
where P is not principal and P 2 = (p). Thus β corresponds to P e . If E is ordinary, then φ p n ,E is separable and ker φ p n ,E = E [p n ] which is a cyclic group. Since the Kronecker symbol ( t 2 −4q p ) = 1, then p splits in End(E ) and there are two prime ideals P 1 , P 2 of norm p. Let P 1 be the one such that P n 1 = (π p n ,E ) where q = p n , then P 1 = Hom(E (p) , E )φ p,E and the other prime ideal P 2 = Hom(E , E (p) ) φ p,E = Hom(E (p n−1 ) , E ) φ p,E (p n−1 ) . Hence P 1 is the kernel ideal corresponding to φ p,E and P 2 is the kernel ideal corresponding to φ p,E (p n−1 ) . Let β be an isogeny from E with degree p e and inseparable degree p e1 , then β corresponds to = P e1 1 P e−e1 2 .
ℓ-isogeny graph
It is obvious that an ordinary curve and a supersingular curve can never be isogenous. So we can consider the ordinary case and the supersingular case respectively. Given a prime number ℓ, ℓ = p, we introduce the isogeny graph in the following.
• Supersingular case: The ℓ-isogeny graph G s ℓ of supersingular elliptic curves overk where the vertices are thek-isomorphism classes of elliptic curves and the directed edges correspond to the ℓ-isogenies, is a ℓ + 1 regular connected Ramanujan graph [5, 12] . Every vertex has ℓ + 1 out-degree. Consider the supersingular ℓ-isogeny graph G s ℓ (k, t) over k with trace t, where the vertices are the k-isomorphism classes of elliptic curves and the edges correspond to the l-isogenies defined over k. If all endomorphisms are defined over k, we have G s ℓ (F p n , ±2p n 2 ) ∼ = G s ℓ [1] . Otherwise, the ℓ-isogeny graphs over k are similar to the ordinary case. In fact, we might as well suppose that k = F p 2 since every supersingular j-invariant is defined over F p 2 .
• Ordinary case: Let G o ℓ (k, t) be the ℓ-isogeny graph of ordinary elliptic curves defined over k with trace t. The structure of G o ℓ (k, t) was clear by the following three propositions from Kohel's thesis [9] and then Sutherland put forward the definition of ℓ-volcano [17] .
where v ℓ is the ℓ-adic valuation. More precisely, the number of all vertices with endomorphism ring O is the ring class number h(O) [13, 17, 21] . Any two volcanoes can't be connected, otherwise they are the same one. After enumerating the number of vertices in
is the ring class group and I is a prime ideal of O over ℓ.
Definition 2.1. An ℓ-volcano V of level d is a connected undirected graph whose vertices are partitioned into V 0 , . . . , V d such that the followings hold:
1) The subgraph on V 0 (the surface) is a regular graph of degree at most 2.
2) For i > 0, each vertex in V i has exactly one neighbor in level V i−1 , and this accounts for every edge not on the surface.
3) For i < d, each vertex in V i has degree ℓ + 1 and each vertex in V d (the floor) has degree 1.
is an isogeny of prime degree ℓ prime to p, then the following three conditions will happen:
in which case we say that β is ascending.
Proof. See [9, Proposition 21] or [17, Section 2.7] .
Note that for [End(E 1 ) : End(E 2 )] = ℓ, we may write [End(E 2 ) : End(E 1 )]= 1 ℓ for the same meaning in the following. Proposition 2.4. Let β : E 2 → E 1 be an isogeny of ordinary elliptic curves over k, then the following conditions are equivalent: 1) End(E 1 ) and End(E 2 ) are isomorphic.
2) The left ideal Hom(E 1 , E 2 )β is an invertible ideal of End(E 2 ) with norm equal to deg(β).
3) There exists an isogeny ψ : E 2 → E 1 of degree relatively prime to deg(β).
Proof. See [9, Proposition 22] or [17, Section 2.9]. Proposition 2.5. Let E/k be an ordinary elliptic curve with endomorphism ring O of discriminant D, let ℓ be a prime different from p, and let * * be the Kronecker symbol. The following isogenies are defined over k.
1) If O is maximal at ℓ, then there are 1 + D ℓ isogenies of degree ℓ from E to curves with endomorphism ring O.
2) If O is not maximal at ℓ, then there are no isogenies of degree ℓ from E to curves with endomorphism ring O.
3) If there exist more than 1 + D ℓ distinct isogenies from E of degree ℓ then all isogenies from E of degree ℓ are defined over k, and up to k-isomorphism of E ′ , there are exactly
Proof. See ] .
Ideals of imaginary quadratic orders
This subsection can be found in [4, 6] . Suppose now K is an imaginary quadratic field, O is an order of it. An O-ideal I is an additive subgroup of O which is an O-module with respect to multiplication. I is called primitive if it cannot be written as tJ for some t ∈ Z and J is an
I is invertible if and only if it is proper. Since rank Z (O) = 2, its ideals also have a basis consisting of two elements. Suppose K has discriminant D 0 , and let γ be ± [4, Proposition 8.4.5] . For the general integral ideals, they have the form Zat
The index of Hom
Hence for the elliptic curves over k whose endomorphisms are all defined over k, it is enough to consider Hom(E 1 , E 2 ). In fact, with the help of the study of Waterhouse and Kohel, it is relatively simple to get the index of Hom(E 1 , E 2 )β in End(E 2 ) when E 2 is supersingular or E 2 is ordinary and Hom(E 1 , E 2 )β is an invertible ideal of End(E 2 ). But it is not trivial to get the answer for any β when E 2 is ordinary and Hom(E 1 , E 2 )β is not invertible.
Supersingular case
Theorem 3.1. Given two supersingular elliptic curves E 1 , E 2 defined over k, and an isogeny β :
and Hom(E 1 , E 2 )β is the kernel ideal corresponding to β.
Proof. For every left(right) ideal I of a maximal order of B p,∞ , the reduced norm of I can be defined as
Choose a prime ℓ prime to degβ. Since the ℓ-isogeny graph is connected, there is an isogeny
Since the index of an left(right) ideal in a maximal order of the quaternion algebra is the square of the reduced norm of the ideal, we have
Since Hence Hom(E 1 , E 2 )β is the kernel ideal of β.
Remark 3.1. Kohel had proved that all ideals of End(E 2 ) could be in form of Hom(E 1 , E 2 )β in his thesis [9] . In fact, there is a one-to-one correspondence between the isogenies from E 2 and the left ideals of End(E 2 ). Under this correspondence, the reduced norm of the ideal is equal to the degree of the corresponding isogeny.
If Hom k (E 1 , E 2 ) = 0 and End k (E 2 )( = End(E 2 )) is isomorphic to an imaginary quadratic order, we can analyze it similarly to the ordinary case which is omitted here.
Ordinary case
In the following, we say an isogeny β doesn't have any backtracking if β can't be written as mβ ′ for some m ∈ Z and some isogeny β ′ . We assume E 1 and E 2 are ordinary, and let K be the endomorphism algebra of E 2 , and denote its algebraic integer ring O K by Z + Zγ. We begin with the following lemma and its corollary which guarantee the assumptions about the relations of the endomorphism rings in Lemma 3.3 and Theorem 3.2. Next we get the results for the isogenies of prime powers and finally use the results of the prime power case to prove the general case by the recurrence method. Proof. Since distinct ℓ-volcanoes are unconnected, E 1 and E 2 must be in the same ℓ-volcano. Let β : E 2 → E 1 be an isogeny of degree ℓ e , β can be looked as a path walking in the ℓ-volcano since all ℓ-isogenies are represented as a edge in the ℓ-volcanos. We may as well assume that β does not have backtracking, then the path can be showed as
where kerβ i =ℓ e−i β i−1 · · · β 1 (kerβ) and β i are also defined over k for all i. According to Proposition
Conversely, suppose e ′ > 0, then there is an elliptic curve E ′ 2 with the same endomorphism ring with E 2 descending directly to E 1 such that every isogeny β between them must pass E ′ 2 . Hence ℓ e ′ | degβ. If e ′ < 0, consider β and the lemma holds. One can also refer to [9, Proposition 5] for another proof. 
Proof. Suppose the isogeny is β : E 2 → E 1 . Since kerβ is a finite abelian group and can be a direct sum of subgroups of different prime powers.
where kerβ i = β i−1 · · · β 1 G i and they are both defined over k. Proof. For any α ∈ I(kerβ), since kerβ ⊆ kerα and β is separable, there exists λ ∈ Hom(E 1 , E 2 ) such that α = λβ. Hence I(kerβ) ⊆ Hom(E 1 , E 2 )β. So I(kerβ) = Hom(E 1 , E 2 )β, since Hom(E 1 , E 2 )β ⊆ I(kerβ) according to definition. Lemma 3.3. Given two ordinary elliptic curves E 1 , E 2 defined over k and β : E 2 → E 1 an isogeny of degree ℓ e (ℓ can be p), and suppose [End(E 2 ) : End(E 1 )] = ℓ e ′ where |e ′ | e, then [End(E 2 ) : Hom(E 1 , E 2 )β] = ℓ e ′ degβ if e ′ > 0 or degβ, otherwise. In addition, suppose End(E 2 ) has conductor f , writing End(E 2 ) = Z + Zf γ, and β = ℓ e0 β ′ where β ′ has no backtracking, then
Proof. First, we assume β has no backtracking. If ℓ = p, then β is separable, hence by Lemma 3.2, Hom(E 1 , E 2 )β = I(kerβ). It is enough to prove for e ′ ≥ 0 . For e ′ < 0, we can consider the dual isogeny β where I(ker β) = I(kerβ) (note thatγ = −γ or −γ + 1, so that I(kerβ) can written like above).
Now assume e ′ > 0. Consider E 2 and E 1 in the ℓ-volcano, then there is an elliptic curve E ′ 2 with the same endomorphism ring with E 2 descending directly to E 1 such that the path β must pass E ′ 2 . Write β = β 2 β 1 where β 1 : E 2 → E ′ 2 and β 2 is the descending directly path from E ′ 2 to E 1 . If e ′ = 0, let E ′ 2 = E 1 and β 2 = id. Since β has no backtracking, kerβ is a cyclic group of order ℓ e . Since ℓ e is the smallest integer belonging to I(kerβ), we have I(kerβ) ∩ Z = Zℓ e . Let kerβ = P . Similarly, kerβ 1 is a cyclic group of order ℓ e−e ′ , and ℓ e ′ β 1 P = ∞, then kerβ 1 = ℓ e ′ P .
Since End(E 2 ) ∼ = End(E ′ 2 ), I(kerβ 1 ) is an invertible ideal of norm equal to deg β 1 = ℓ e−e ′ by Proposition 2.4. Similarly, it can be proved that I(kerβ 1 ) ∩ Z = Zℓ e−e ′ , hence I(kerβ 1 ) has the form
If ℓ = p, then End(E 1 ) ∼ = End(E 2 ) and Hom(E 1 , E 2 )β is an invertible ideal of norm degβ by Proposition 2.4, since Z[π q,E2 ] is maximal at p.
If β has backtracking, since Hom(E 1 , E 2 )ℓ e0 β ′ = ℓ e0 Hom(E 1 , E 2 )β ′ , the lemma holds. Proof. If e ′ = 0, then End(E 1 ) ∼ = End(E 2 ). Hence for any isogeny β ∈ Hom(E 2 , E 1 ), β corresponds to the invertible ideal Hom(E 1 , E 2 )β. Otherwise, ℓ = p and ℓ | deg(β). Factor β as β 2 β 1 where degβ 2 is ℓ-power and ℓ ∤ degβ 1 . Let E 3 be the target elliptic curve of
, which is a contradiction), we obtain H(Hom(E 1 , E 3 )β 2 ) = ker(β 2 ), hence Hom(E 1 , E 3 )β 2 is the kernel ideal for β 2 . So β can correspond to an ideal by Proposition 2.2, since β 1 can also correspond to an ideal.
If e ′ > 0, suppose that β has no backtracking. If β can correspond to some ideal, then β β 1 = β 2 degβ 1 corresponds to an ideal. Hence β 2 corresponds to an ideal. By lemma 3.3, we have E 3 [ℓ e ′ ] ⊆ H(Hom(E 1 , E 3 )β 2 ), then the isogeny corresponding to the kernel ideal Hom(E 1 , E 3 )β 2 can be written as ℓ e ′ β ′ for some isogeny β ′ from E 3 , hence Hom(E 1 , E 3 )β 2 isn't the kernel ideal for β 2 since β 2 has no backtracking. Let J be the kernel ideal of β 2 such that H(J ) = H(β 2 ), then J = I(H(J )) = I(ker(β 2 )) = Hom(E 1 , E 3 )β 2 since β 2 is separable. Thus we obtain a contradiction. β can not correspond to an ideal. Now take out the condition that the degrees of the isogenies are prime powers. For simplicity, we define ρ(e) as ρ(e) = e, if e > 0. 0, otherwise.
Theorem 3.2. Given two ordinary elliptic curves E 1 , E 2 defined over k and β : E 2 → E 1 an isogeny of degree m, let the prime factorization of m be p e ℓ e1 1 · · · ℓ es s where e ∈ Z 0 and e i ∈ Z >0 .
In addition, suppose End(E 2 ) has conductor f , writing End(E 2 ) = Z + Zf γ, and β = m ′ β ′ where m ′ ∈ Z and β ′ has no backtracking, then
Proof. Similarly, it is enough to prove the case β has no backtracking. If β has inseparable degree p e and e > 0, then we factor β as
where λ is separable of degree ℓ e1 1 · · · ℓ es s . We consider β = φ p e ,E2 λ and Hom(E 2 , E 1 ) β instead. Assume β is separable, let β be factored as β s+1 · · · β 2 β 1 where degβ i = ℓ ei i and degβ s+1 = p e as in the proof of Corollary 3.1. So we have
In the following, we prove the theorem recursively. Suppose End(E 2 ) = Z + Zf γ, let ℓ s+1 = p and e s+1 = e, then
for all i and e ′ s+1 = 0. We claim that Hom(E ′ i , E 2 )β i · · · β 1 has the form
for some integer b.
Since β has no backtracking, every kerβ i and kerβ are cyclic. Let kerβ = P , then ker(β i · · · β 1 ) = s+1 j =i+1 ℓ ej j P .
Hence we have I(ker(β i · · · β 1 )) ∩ Z = Z i j =1 ℓ ej j , since ker(β i · · · β 1 ) is a cyclic group of order i j=1 ℓ ej j .
We also have I(ker(β i · · · β 1 )) ⊆ (End(
When i = 1, by Lemma 3.3, Hom(E ′ 1 , E 2 )β 1 has the form
for some integer b. It holds.
), then I(ker(β i+1 · · · β 1 )) has the form
On the other hand, consider
(note that β i+1 · · · β 1 may be inseparable when i = s, so we don't use symbol like I(kerβ))here.) Similarly, by Lemma 3.3,
for some integer b ′′ . Let ker( β i+1 · · · β 1 ) = Q , then ker( β i · · · β 1 ) = β i+1 (Q ) is a cyclic group
then we have ℓ e1 1 · · · ℓ ei i α β i+1 (Q) = ∞. If i = s, then β i+1 · · · β 1 is separable, and we have
) and there is an isogeny α ′ from E ′ s+1 to E ′ s of degree prime to ℓ s+1 . We have α ′ αℓ e1 1 · · · ℓ es s ∈ I(ker( β s · · · β 1 )).
Since I(ker( β s · · · β 1 )) = Hom(E 2 , E ′ s ) β s · · · β 1 , it follows that
Hence t ′ | degα ′ ℓ e1 1 · · · ℓ es s . Thus t ′ = 1. 
Proof. Similar to the proof of Corollary 3.2. Proof. Given any β ∈ Hom(E 2 , E 1 ). If all e ′ i 0, factor β as β r · · · β 2 β 1 for some integer r and β 1 , . . . , β r are isogenies of distinct prime power degrees. By Corollary 3.3, every β i can correspond to an ideal, then β can correspond to an ideal.
If there exists some i such that e ′ i > 0. Factor β as β 2 β 1 where degβ 1 is p-power and degβ 2 is prime to p. Then β 2 is separable. It can be proved similarly with the proof of Corollary 3.3 that β can not correspond to an ideal. According to Theorem 3.1 and Corollary 3.5, whether an isogeny can correspond to a kernel ideal is only up to the two elliptic curves, more precisely, up to their endomorphism rings.
The non-trivial minimal degree
Let Md k (E 2 , E 1 ) := min{degβ : β ∈ Hom k (E 2 , E 1 ), degβ = 1}, Md k (E ) := Md k (E , E ), Md(E 2 , E 1 ) := Mdk (E 2 , E 1 ), Md(E ) := Mdk (E ). Obviously, Md k (E 2 , E 1 ) = Md k (E 1 , E 2 ). We call it the non-trivial minimal degree.
First we consider Md(E ). It suffices to check whether E has an endomorphism of degree 2 or 3, since 2 ∈ End(E ). We need to check this with the help of the Deuring's lifting theorem [7, 10] . In fact, deg α = degα. We lift α to α. Since α ∈ End( E) has degree 2 or 3, α corresponds to an element of some imaginary quadratic order of norm 2 or 3 respectively. However, the number of the imaginary quadratic orders containing elements of norm 2 or 3 are finite. Those 
−32 3 y 2 + y = x 3 − x 2 − 7x + 10 11 3 Table 1 Note that all j(τ ) ∈ Z, then j(τ ) ∈ F p after reduction. To make things more clearly, we still give out the results of supersingular case and ordinary case respectively. Coming back to the elliptic curves over finite fields, we also need Deuring's reduction theorem. (1) j = 0 when p = 2, 3;
(2) j = 1728 when p ≡ 3 (mod 4);
(3) j = 2 6 5 3 when p ≡ 5, 7 (mod 8); (4) j = −3 3 5 3 when p ≡ 3, 5, 6 (mod 7); and Md(E ) = 3 only when it satisfies one of the following conditions: (5) j = 0 when p ≡ 2 (mod 3) and p = 2, 5; (6) j = 2 4 3 3 5 3 when p ≡ 2 (mod 3) and p = 2, 5, 11, 17, 23; (7) j = −2 15 when p ≡ 2, 6, 7, 8, 10 (mod 11) and p = 2, 7, 13, 17, 19. For other cases, Md(E ) = 4.
Proof. If α ∈ End(E ) has degree 2, then by Theorem 4.1, E and α can be lifted to E over some number field H and α where deg α = 2. Then α can be 1
] are both maximal, hence End( E) is Z[ α]. Thus j E is 1728, 2 6 5 3 or −3 3 5 3 respectively. Although E may not be defined over Q, there are elliptic curves defined over Q with the same j-invariant as E. Suppose E is defined over Q, just as those listed in Table  1 . Then by Theorem 4.2, for proper p, E has non-degenerate reduction modulo p and becomes supersingular after reduction with the same j-invariant as E.
It is similar for case Md(E ) = 3. Notice that E may have both endomorphisms of degree 2 and 3, at that time Md(E ) = 2, that is why p can't be some values for the case Md(E ) = 3. Proof. Similar to the proof of the supersingular case.
Given two ordinary elliptic curves E 1 , E 2 defined over k where E 1 ≇ E 2 and Hom(E 2 , E 1 ) = 0. If [End(E 2 ) : End(E 1 )] = ℓ e ′ where e ′ > 0, and suppose E 1 and E 2 are in the same ℓ-volcano. If E 2 is above E 1 directly, then by Lemma 3.1, Md(E 2 , E 1 ) = ℓ e ′ . Otherwise, ℓ e ′ | Md(E 2 , E 1 ) but they are not equal. Let E 3 be the elliptic curve directly above E 1 and E 2 with largest level. Suppose [End(E 3 ) : End(E 2 )] = ℓ e ′′ where e ′′ > 0. The path from E 2 ascending to E 3 and then descending to E 1 corresponds to the isogeny of ℓ-power degree from E 2 to E 1 without backtracking or endomorphism cycles and it is the shortest path from E 2 to E 1 in the l-volcano. Let E ′ 2 be the elliptic curve directly above E 1 , if Md(E 2 , E ′ 2 ) = ℓ 2e ′′ , then Md(E 2 , E 1 ) = ℓ e ′ +2e ′′ . But it does not always hold.
Example 1. Let k = F 41 , t = 6, and ℓ = 2. For simplicity, the k-isomorphism classes of elliptic curves with trace t are represented by their j-invariants in the following. Because the number of the k-isomorphism classes of elliptic curves with the same j-invariant is 2 for the j-invariants not equal to 0 or 1728 [3, Theorem 2.2] and the two k-isomorphism classes are twist of each other with their traces being opposite numbers. Here is the volcano we are considering. Proof. See [11, Chapter 5] . The proof is given there for the algebraic integer rings of number fields with the aid of Minkowski's theorem. It is easy to check that the proof still holds for imaginary quadratic orders. In fact, a proof for general orders of number rings is given by [16, Theorem 5.4 ].
Theorem 4.5. Given two ordinary elliptic curves E 1 , E 2 over F q with trace t and they are not F q -isomorphic. Then 
The result in Theorem 4.5 is rough. For two elliptic curves with known endomorphism rings, the result can be more precise.
Example 2. Let eB(k, t) denote the upper bound given by Theorem 4.5, and rB(k, t) denote the largest non-trivial minimal degree in the k-isogenous class with trace t.
As in Example 1, let k = F 41 , t = 6, we have eB(F 41 , 6) = 7. The 3-isogeny garph is Proof. As a result of [9, Theorem 79], Md(E 2 , E 1 ) ∼ O(p). If the trace is ±2p, then Md F p 2 (E 2 , E 1 ) = Md(E 2 , E 1 ). If the trace is not ±2p and they are not F p 2 -isomorphic, then Md F p 2 (E 2 , E 1 ) = p [1] .
If E 1 , E 2 can be defined over F p , by Lemma 4.1, we get Md Fp (E 2 , E 1 ) 4 π p 1 2 .
Example 3. Let p = 53, then eB(F 53 , 0) = 9. There is only one order O with discriminant −2 2 53 and it has ring class number 6. There are totally six F 53 -isomorphism classes and one j-invariant correspond to two F 53 -isomorphism classes. Denote them by E(0, 1), E(0, 2), E(−3, 1), E(−3, 2), E(−7, 1), E(−7, 2). The 2-isogeny graph is E(0,1) E(-7,1) E(-3,1) E(-3,2) E(0,2) E(-7,2)
And the 3-isogeny graph is E(0,1) E(0,2) E(-3,2) E(-3,1) E(-7,2) E(-7,1)
Then rB(F 53 , 0) = 6. The five non-principal ideal classes in ring class group cl(O) can be represented by one ideal of norm 2, two ideals of norm 3 and two ideals of norm 6. of norm ℓ n in the order with conductor f . Then we have the following results. For the invertible ideals, we have iG(f , ℓ n ) = . We list the ideals and the numbers in the following table. norm invertible ideals non-invertible ideals 2 iG(2 2 , 2) = 0 2Z + 2 2 √ −2Z niG(2 2 , 2) = 1 2 2 2 2 Z + (2 + 2 2 √ −2)Z 2Z + 2 3 √ −2Z iG(2 2 , 2 2 ) = 2 2 2 Z + 2 2 √ −2Z iG(2, 2) + iG(1, 1) =0+1=1 2 3 iG(2 2 , 2 3 ) = 0 
